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Abstract 



> 

in 

^f^ [ We show how the generator of local supersymmetry transformations can be found from 

fT^ I Fermionic first class constraints. This is done by adapting the approaches of Henneaux, Teit- 

elboim and Zanelli and of Castellani that has been used to find the generator of gauge trans- 
formations from Bosonic first class constraints. We illustrate how a super symmetric gauge 
generator can be found by considering the spinning particle. The invariances that we find are 
^ i not those presented in the original discussion of the spinning particle. 

1 Introduction 

Local gauge symmetries have long been associated with the presence of first class constraints that 
arise when applying the Dirac constraint formalism [1,2]. A precise expression for the generator of 
a gauge transformation in terms of these first class constraints can be found by either examining 
the invariances of the total action in phase space (the "HTZ" approach [3]) or by considering the 
equations of motion in phase space (the "C" approach [4]). Local gauge transformations involving 
Bosonic gauge functions can be derived using this approach not only in ordinary Yang- Mills theory, 
but also in the first [5,6] and second order [7,8] Einstein-Hilbert (EH) action for D > 2 as well as 
the first order EH action when D = 2 [9]. In the latter case, a novel gauge transformation which 
is distinct from the manifest diffeomorphism transformation that is present has been uncovered 
through use of the gauge generator derived from the first class constraints. 



In this paper, we will show that in addition to gauge transformations involving Bosonic gauge 
functions, gauge transformations involving Fermionic gauge functions can be derived by considering 
the first class constraints present in a model. To illustrate this, we will first consider the spinning 
particle ( "supergravity in + 1 dimensions") [10,11]. In this model, the first class constraints that 
are present result in two distinct gauge transformations, one involving a Bosonic gauge function, 
the other a Fermionic gauge function. These gauge transformations differ in certain respects from 
the gauge transformations that are manifest in the model. We also consider the extended spinning 
particle introduced in ref. [12]. 

2 The Spinning Particle 

The action for the spinning particle with mass m and A^ = 1 supersymmetry is [10,11] 



S = ^ I dr 



V,A ^'^^\^}^^ - ^r{rW{r) - ^xirWirWir] 



+ im e(r) + iip5{r)ip5{r) - imV'5(r)x(^) 



(1) 



where 7]^^ is the "target space" metric, the fields 0^ and e are Bosonic and -0'^, -05 and x ^^^ 
Fermionic (Grassmann). This actions possesses the manifest "diffeomorphism" invariance 

6r = .fr. Se = fe + ef, 6x = fx + xf, W = fr, #5 = /4 (2a - e) 

and the manifest A^ = 1 supersymmetry [11] 

5(1)^ = laiP^, dij^" = - U^ - ^xV) , Se = tax, 6x = 2a 

Sij)^ = ma H ai/j5 ( -05 - -mx ] ■ (3a - e) 

me \ 2 / 

The parameters /(t), a{T) are Bosonic and Fermionic respectively. 

We will now perform a full canonical analysis of the action S* of eq. (1) and show how the first 
class constraints can be used to find the generator of gauge transformations that leave S invariant. 
These will be compared with the manifest invariances of eqs. (2,3). 

The canonical momenta following from S = J drL are 



dL i dL i dL 



^M = T7^ = o^M ' ^5 = —y- = -7:^5 1 TT^ = t;- = 0, (4a - e) 



so that the canonical Hamihonian is 

He = ^{p^ - ir?) + 2%^ ■ '^ - mtpQ)- 
The primary constraints of eqs. (4b,e) yield secondary constraints as 



{tt^, He} = ~-{p ■ ip - m^g) 
In addition, the constraints of eqs. (4c, d) are second class as 



7r5+ 2^5,71^5+ 2^5 



TT^ - -VT^, T^u - -T^u \ = irjpiy 



-h 



so that the Dirac Brackets are given by 

{A, B}* = {A, B} + 2 



A,iJ,-'-ijAlr-'^r,B 



for dynamical variables A, B. In particular, it follows that 

The constraints of eqs. (4b, e; 6a,b) are all first class as 

{p ■ ip — mip5,p ■ ip — rnipd}* = i{p^ — rn?). 



(5) 

(6a) 
(66) 

(7a, b) 



(8) 



(9a, h) 



(10) 



We can show that the HTZ formalism of ref. [3], originally introduced to find the generator of 
gauge transformations for systems with only Bosonic degrees of freedom, can be employed to deal 
with systems with both Bosonic and Fermionic degrees of freedom. In particular, for the model of 
eq. (1), we have a gauge generator G given by 



G = BiPe + -B2(p^ - "^^) + iFiTc^ + iF2{p ■ tp - milj^ 



(11) 



where Bi and Fj are Bosonic and Fermionic gauge functions respectively. With a total Hamiltonian 

Ht = H, + AePe + iK'^x (12) 

(Ae and A^ are Lagrange multipliers), then by ref. [3], we have the equation 



BiPe + B2{p'^ - m^) + iFiTC^ + iF2{p ■ ip - rm/j^ 



+ {G, HtY - SXePe - iSXeTT^ = 0. (13) 

By considering the coefficients of the constraints p^ — m^ = and p ■ i/) — rml)^ = respectively, it 
follows from eq. (13) that 

Bi = 2B2 + iF2X (14a) 

Fi = -2iF2 (146) 

so that if B2 = B, F2 = F 

G={2B + iFx)Pe + B{p^ - m^) + 2F'k^ + iF{p ■ i) - m^^). (15) 

We note that the C formalism of ref. [4] can also be used to find G. With there being two generators 
of constraints, the form of G is 

G = e(r)G'o + e(r)G'i (16) 

where [4] 

Gi = primary ffist class constraint (PI) (17a) 

Go + {G^,HTr = Pl {17b) 

{Go,Ht}* = PI. (17c) 

Satisfying eq. (17a) by taking 

Gi = pe (18a) 

we see that eq. (17b) leads to 

Gq = -{p^ - IT?) + aePe + (^xPx^ (18^) 

by eq. (17c), the Lagrange multipliers a^ and a^ must satisfy 

cie = % ~ (18c) 

and so by eq. (16) 

GA='-^{p'-m') + eAPe. (19) 

Similarly, if in eq. (17a) we take 

Gi = Tx^ (20a) 



then by eq. (17b) 

and with eq. (17c) we find that 



Go = ^ (p ■ ^ - m^s) + PePe + PxT^x (206) 



/3x = 0, /3e = y (20c) 



so that from eqs. (16,20) 

-{p-ip- rmfj^) + —pe j + €3 %. (21) 

The full generator Ga + Gb is identical to G of eq. (15) if 2B = e^, 2F = e^. 

With the gauge transformation in a dynamical variable A being given by SA = {A, G}* , we find 
that 

5(j)'' = 2Bjf + iFi>^' 

or, by eq. (4a) 

= '^-^(r-'-xr^+^Fr, (22a) 

5e = 2i3 + iFx (226) 

6x = 2F (22c) 

S1|J^' = Fp^ {22d) 

= ^{^'- 'ipcr^ (22d) 

5^5 = mF. (22e) 

Eq. (22) is not identical to eqs. (2) and (3). First of all, the Fermionic fields x, ip^ and ^5 do 
not change if F = where as they do change under the transformation of eq. (2); in the limit 
X = ^'^ = -05 = 0, eqs. (2) and (22) are identical only if 2B = ef so that B acquires a dependence 
on the dynamical field e. 

Secondly, the Fermionic portion of eq. (22) is identical to eq. (3) when F = a only if we ignore 
the contribution of the second term in di/j^ appearing in eq. (3e). However, one can establish that 
this term by itself leaves the action invariant and therefore need not participate in the Fermionic 
portion of the transformation of eq. (22). 

It is also worth noting that if gauge parameters Bi and Fi are associated with generator Gj in 
eq. (15), then 

{G„ G,r = 2J-{iF,F,)p, + {iF,F^){p' - m^). (23) 

Consequently, the Dirac Bracket of two generators Gi and Gj is itself a purely Bosonic generator 
with gauge parameter B = iFiFj. The gauge transformations given in refs. [10,11] do not obey the 
algebra implied by eq. (23). 

We now will consider the generator of supersymmetry transformations for the spinning string 
with A^ > 1 supersymmetry. The action for this model is [12] 



S = ^ I dr 



\ ir - \x^€) U" - \x,^ ) (24) 



-2^^ - 2^-C^J 



V^^l^ 



where there are now A^ Fermionic fields ip'j^ , Xi {i = '^ ■ ■ ■ N) and /^ is an antisymmetric Boson field. 
The momenta associated with (0^, e, -0^ , Xj, fij) are now respectively 

respectively and thus the canonical Hamiltonian is given by 

He = 2^^ + 2^iP ■ '^i + l^fiji^i ■ ^i- (26) 

The second class constraints of eq. (25c) lead to the Dirac Bracket 

{A, BY = {A, B} + t6,,v,u {a, n^ - ^V'f} {vrj - ^V'J, s| • (27) 

The primary constraints of eqs. (25b, d,e) lead respectively to the secondary constraints 



-p2 , {^.^, H,y = --P ■ i)i , {pij, H^Y = --'■ 



{Pe,HcY = --p^ , {7Ti^,HcY = -T^P-i^i^ {Pij^HcY = --i)i-ipj. (28a -c) 



Since 



{p-i)i, HcY = ipCiP^ - fijP ■ ipj (29a) 

{tpi ■ tpj.HcY = 2 (^i^ ■ ^J ~ ^jP ■ ^i) + Uimi'j - fjmA) ■ i^m (296) 



and 



{iji ■ tpj, ipk ■ ^J* = -i {Sik'4'j ■ ^i - kti^j ■ fpk 

+5jiilJi ■ i/jk - SjkiJi ■ i^e) (30a) 

{p-A,p-ijjY = w'^^ij (306) 

{p ■ ipi, ipk ■ i^eY = i i^ikP ■ i^e - SieP ■ i'k) (30c) 

we see that there are no further constraints and that all constraints other than eq. (25c) are first 
class. 

The gauge generator resulting from these first class constraints is now of the form 

G = B^p, + B2P^ + B\'pij + ^52>, ■ ^,- + iFlm^ + iF^p ■ ^^ . (31) 

The HTZ formalism can now be applied; in analogy with eq. (14) we find that 

Bx = 2 ^52 + \f\x^ (32a) 



B^ — 2 f i?2 + B2 fjk — B2 fik 1 (326) 



Fl = -2^ i^F^ - B^'x, + ^Fi) (32c) 

so that with F2 = F , B2 = B, B2 = B2 

G = 2(b+ '-rX^) Pe + V + 2 (b^' + B^'f.k - B'^f.^ P^J 

+1W1P, . ^, + 2 (^F^ - W'x, + /,,F^) TT,^ + ^F> ■ ^,. (33) 

The gauge transformation of any dynamical variable A is now given by 5 A = {A, G}*; it is evidently 
not identical to the transformations given in ref. [12] or the N = 2 limit discussed in ref. [11]. 

3 Discussion 

We have shown how the Dirac constraint formalism can be adapted to find in generator of local 
gauge invariances that are supersymmetry transformations. We have demonstrated this by find- 
ing the gauge generator arising from first class constraints for the spinning particle with A^ > 1 
supersymmetry whose actions were originally given in refs. [10,11,12]. 

It would be of interest to apply this approach to other systems in which a local supersymmetry 
is manifest in order to see if the first class constraints present can be employed to find these 
supersymmetries. Among such systems are the spinning string [13], the spinning membrane [14], 
the super particle [15] and superstring [16]. In these latter two systems, it was first noticed that 
there is a global supersymmetry, but subsequently a local supersymmetry was uncovered [17]. We 
would like to see if this so-called "k symmetry" is a consequence of the presence of first class 
constraints. Finally, it would be worth examining the relationship between the presence of first 
class constraints and supergravity in such models as these of ref. [18], especially since the local 
supersymmetry transformations are only invariances of the action on the mass shell if there are no 
auxiliary fields. 

It is possible to make use of the gauge generator to choose a covariant gauge when using the path 
integral derived from the canonical quantization procedure [19]. We hope to apply this approach 
to the quantization of supergravity theories. 

We would also like to see if there are any models with Fermionic first class constraints which 
imply gauge transformations that are not obviously related to a local supersymmetry. 
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Appendix 

We use a "left derivative" for Grassmann variables; if dj are Grassmann, then 

^ '^Bec) = ^abOc - 5ac0b. ^F{e{t)) = e{t)F\e{t)). (Ala,6) 



oOa at 

If Fi{Bi) are Grassmann odd (even) quantities and in phase space {qi,Pi) ((^jjTTj)) are ordinary 
(Grassmann) conjugate pairs, then we define the Poisson Brackets by: 

{-Bi, -62} = (-Bi,g-B2,p — -Bi,p-B2,g) + (i?i,^-B2,7r — -B2,v-Si,7r) (A. 2a) 

{F, B} = {F^gB^p - B^gF^p) - {F,^B^^ + fi ^F,) {A.2h) 

{B, F} = {B^.F^p - F^gB^p) + {F^^B,^ + 5 ^F^) {A.2c) 

{Fi, F2} = (Fi,,F2,p + F2,,Fi,p) - (Fi,^F2,^ + Fa.^Fi,^) {A.2d) 

where i?,,52. = 1.^^ etc. 

If L = //(o'j, i(ji) is the Lagrangian, then the Hamiltonian is 

H = QiPi + ipiTTi - L. (A.3) 
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